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0. Introduction
Let p denote a ﬁxed odd prime number. The p-class group AQ(ζp) of the cyclotomic ﬁeld Q(ζp) is
one of the very important subject of research in Number Theory. This order is related to the special
values of the Dirichlet L-function. We mention this relationship concretely. Let ω be a Teichmüller
character, i ∈ {1, . . . , p − 1} a positive integer, and Aωi
Q(ζp)
the ωi-part of AQ(ζp) . If i = 1 is odd, then
we have the following relation:
∣∣AωiQ(ζp)∣∣∼ L(0,ω−i)
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fact is caused by the Iwasawa main conjecture easily. In [2], to solve a conjecture of Brumer, A. Wiles
expand this fact into a case of an abelian extension of a totally real ﬁeld by also using the Iwasawa
main conjecture. We are interested whether such a relation holds in Non-abelian extensions.
In this paper, we investigate the relation like this on dihedral extensions especially. Let l = p
denote a ﬁxed odd prime. We write the dihedral group that order is 2l by D2l . Let L+ be a dihedral
extension over a number ﬁeld F+ that degree is 2l. Moreover, assume both L+ and F+ are totally real.
Fix m ∈ F+ \ (F+)2 and suppose m > 0. Put L := L+(√−m ). Let μ(L) be the roots of unity in L. When
χ is an irreducible character of Gal(L/F+), L(L/F+,χ, s) denotes the Artin L-function attached to χ .
Let AχL be the χ -part of the scalar extended p-class group of L. Our main result is the following.
Theorem (Theorem 2.4). If the technical assumption Sχ−,p = 0 holds, then
∣∣Aχ−L ∣∣ 1degχ− ∼ L(L/F+,χ−,0)[Zp(ζl):Zp]∣∣μ(L)χ− ∣∣ 1degχ−
for any χ− an odd irreducible character of Gal(L/F+).
It seems to be diﬃcult to have similar result in general cases except D2l . That is why the relation-
ship between the ideal class group and decompositions of characters is indistinct.
We explain an outline in this article. In Section 1, we probe the relation between the p-class
group of a dihedral extension and Brauer’s induction Theorem on D2l . This aim is that it comes down
to abelian occasions. In Theorem 1.6, we can ﬁnd clear relations between these. In Section 2, we
calculate the special values of the Artin L-functions by using Hecke L-functions. As a result, we ﬁnish
the aim of this paper in Theorem 2.4 since we can apply Theorem 1.6 and Theorem 2.1 to L/F+ .
We remark on our conventions. We use the standard terminology as in [2] and [1]. Let G be a ﬁnite
group whose identity element is denoted by 1G and H a subgroup of G for a while. For χ : G → C×
be an irreducible character of G , put eχ := χ(1G )|G|
∑
g∈G χ(g−1)g. Assume R be a commutative ring
with ch(R) = 0, |G|−1 ∈ R , and χ(g) ∈ R for all g ∈ G and irreducible χ . If M is an R[G]-module,
then we have a direct decomposition M =⊕χ eχM where χ runs over all irreducible characters
of G . So, we put Mχ := eχM . Let MH = {x ∈ M | ∀σ ∈ G; σ x = x}. For χ : H → C× , a character of H ,
IndGHχ denotes the induced character of G . We may write Indχ simply. When K is a number ﬁeld,
ClK {p} denotes the p-class group of K . Let L be a ﬁnite Galois extension over a number ﬁeld K and
G = Gal(L/K ). When p  [L : K ], we note that ClL{p}G  ClK {p}.
1. The p-class number of a dihedral extension
In this section, we calculate the χ -part of the p-class group. Fix an embedding Q× ↪→ Q×p and
regard a character χ : G → C× as χ : G → Q×p because we treat p-class group chieﬂy. Let ζl be a
primitive l-th root in Q×p . First, we state some properties of the dihedral group D2l . Let σ and τ be
generators of D2l that have relations σ l = τ 2 = 1D2l and τστ = σ−1. The character table of D2l is
following:
1D2l σ
i (1 i l−12 ) τ
ε 1 1 1
η 1 1 −1
χk (1 k l−12 ) 2 ζ ikl + ζ−ikl 0
where ε is the principal character. Let Hom(〈σ 〉,Q×p ) = {1σ ,ϕ1,ϕ2, . . . , ϕl−1} where 1σ (σ ) = 1
and ϕi(σ ) = ζ il . For 0  i  l − 1, let Hom(〈σ iτ 〉,Q×p ) = {1σ iτ ,ψσ iτ } where 1σ iτ (σ iτ ) = 1 and
ψσ iτ (σ
iτ ) = −1. The following proposition is a D2l case of Brauer’s Theorem on induced characters.
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(1) IndD2l〈σ 〉 ϕi = IndD2l〈σ 〉 ϕl−i and IndD2l〈τ 〉 ψτ = IndD2l〈σ jτ 〉 ψσ jτ for all i ∈ {1, . . . , l−12 } and j ∈ {1, . . . , l − 1}.
(2) ε = IndD2l〈τ 〉 1τ −
∑ l−1
2
i=1 Ind
D2l〈σ 〉 ϕi , η = IndD2l〈τ 〉 ψτ −
∑ l−1
2
i=1 Ind
D2l〈σ 〉 ϕi .
(3) χk = IndD2l〈σ 〉 ϕk (1 k l−12 ).
Proof. It is easy to see from the following table. 
1D2l σ
i (1 i l−12 ) τ
Ind1σ 2 2 0
Indϕk (1 k l−12 ) 2 ζ ikl + ζ−ikl 0
Ind1τ l 0 1
Indψτ l 0 −1
Let F be a number ﬁeld, L a dihedral extension over F , and K the ﬁxed ﬁeld of 〈σ 〉 in L. Let
O = Zp[ζl] and AL = O ⊗ ClL{p}. Since AL is an O[D2l]-module, we examine the direct summands
AεL , A
η
L and A
χi
L .
Proposition 1.2. Each of the following holds.
(1) AεL ⊕ AηL = A〈σ 〉L .
(2) Ker(NL/K : AL → AK ) =⊕ l−12i=1 AχiL .
Proof. (1) We have AεL ⊕ AηL ⊂ A〈σ 〉L because σ eε = eε and σ eη = eη . Assume x ∈ A〈σ 〉L . Then, we
obtain
x = 1
2l
(
l−1∑
i=0
σ i x+
l−1∑
i=0
τσ i x
)
+ 1
2l
(
l−1∑
i=0
σ i x−
l−1∑
i=0
σ iτ x
)
∈ AεL ⊕ AηL .
(2) We have
l−1
2⊕
i=1
A
χi
L ⊂ Ker(NL/K : AL → AK ) since
(
l−1∑
k=0
σ k
)
eχi = 0.
The norm map NL/K : AL → AK is surjective because p = l. Thus, we obtain
∣∣∣∣∣
l−1
2⊕
i=1
A
χi
L
∣∣∣∣∣= |AL ||AεL ⊕ AηL | = |AL ||AK | =
∣∣Ker(NL/K : AL → AK )∣∣. 
On the other hand, AL is an O[〈σ 〉]-module. We probe some properties of the direct summands
A
1σ
L and A
ϕi
L .
Proposition 1.3. Each of the following holds.
(1) A1σL = A〈σ 〉L .
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(3) AϕiL  Aϕl−iL (1 i  l−12 ).
Proof. The proof of (1) and (2) are similar to that of Proposition 1.2 (1) and (2) respectively. We
will show (3). Since τeϕi = eϕl−iτ and τeϕl−i = eϕiτ , we can deﬁne the homomorphisms AϕiL → Aϕl−iL ,
eϕi a → τeϕi a and its inverse map Aϕl−iL → AϕiL , eϕl−i a → τeϕl−i a. 
The following lemma smells like Hilbert Theorem 90.
Lemma 1.4. Ker(NL/K : AL → AK ) = (1D2l − σ)AL .
Proof. We have Ker(NL/K : AL → AK ) ⊂ (1D2l − σ)AL since e1σ (1D2l − σ) = 0. To show this equality,
we compute the order of these two modules. Since the following sequence
0 → A〈σ 〉L → AL
1D2l−σ−−−→ AL → AL/(1D2l − σ)AL → 0
is exact, we obtain
∣∣A〈σ 〉L ∣∣= |AL ||(1D2l − σ)AL | .
Thus, we have |(1D2l − σ)AL | = |Ker(NL/K : AL → AK )| because AK  A〈σ 〉L and NL/K : AL → AK is
surjective. 
Moreover, AL is an O[〈τ 〉]-module. We investigate some structures of the direct summands A1τL
and AψτL .
Proposition 1.5. Let M be the ﬁxed ﬁeld of 〈τ 〉 in L. Then, each of the following holds.
(1) A1τL = A〈τ 〉L , AψτL = Ker(NL/M : AL → AM) = {x ∈ AL | τ x = −x}.
(2) If ClF {p} = 0, then A〈σ 〉L ⊂ AψτL .
(3) If ClF {p} = 0, then A1τL ⊂ Ker(NL/K : AL → AK ).
(4) If ClF {p} = 0, thenAψτL → A1τL , eψτ a → (σ
l−1
2 −σ l+12 )eψτ a is a surjective homomorphism, and its kernel
is A〈σ 〉L .
Proof. (1) It is no hard to verify.
(2) Assume ClF {p} = 0. Note that AεL ⊂ A〈σ ,τ 〉L  AF = 0. If x ∈ A〈σ 〉L , then l(x + τ x) = 2l · eεx = 0.
Thus, x+ τ x = 0. We have x ∈ AψτL from (1).
(3) If x ∈ A1τL = A〈τ 〉L , then e1σ x = 12 (e1σ x + e1σ τ x) = eεx = 0. Consequently, we obtain x ∈
Ker(NL/K : AL → AK ).
(4) Since (σ
l−1
2 − σ l+12 )(1D2l − τ ) = (1D2l + τ )(σ
l−1
2 − σ l+12 ), we can deﬁne the following homo-
morphism
A
ψτ
L
f−→ A1τL , eψτ a →
(
σ
l−1
2 − σ l+12 )eψτ a.
It is easy to see Ker( f ) = A〈σ 〉L from (2).
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and Lemma 1.4. Put x := σ− l−12 y′ . Then, we obtain
y = (1D2l − σ)σ
l−1
2 x = (σ l−12 − σ l+12 )x.
We explain x ∈ AψτL . Since y ∈ A1τL = A〈τ 〉L , we have(
σ
l−1
2 − σ l+12 )x = y = τ y = (τσ l−12 − τσ l+12 )x = (σ l+12 − σ l−12 )τ x.
Thus, (1D2l −σ)(τ x+ x) = 0. Namely, τ x+ x ∈ A〈σ 〉L . We obtain x+ τ x = τ (τ x+ x) = −τ x− x from (2)
and (1). Therefore, x ∈ AψτL from (1). 
We arrive at the following relations between Brauer’s induction Theorem and the orders of sub-
modules of the p-class group by combining these propositions (cf. Proposition 1.1).
Theorem 1.6. Each of the following holds.
(1) If ClF {p} = 0, then
∣∣AεL ∣∣= |A1τL |∏ l−1
2
i=1 |AϕiL |
.
(2) If ClF {p} = 0, then
∣∣AηL ∣∣= |AψτL |∏ l−1
2
i=1 |AϕiL |
.
(3) Whether ClF {p} = 0 or not, |AχiL | = |AϕiL |2 (1 i  l−12 ).
Proof. (1) We have |AL | = |A1τL ||AψτL | = |A1τL |2|A〈σ 〉L | by Proposition 1.5(4). It follows
∣∣A1τL ∣∣2 = |AL ||A〈σ 〉L | =
l−1∏
i=1
∣∣AϕiL ∣∣
from Proposition 1.3(2). Therefore, |A1τL | =
∏ l−1
2
i=1 |AϕiL | by Proposition 1.3(3).
(2) It is easy to see from above (1) and Proposition 1.2(1).
(3) Since eχi = eϕi + eϕl−i , we can construct the injective homomorphism
A
χi
L → AϕiL ⊕ Aϕl−iL , eχi a → (eϕi a, eϕl−i a).
This homomorphism is isomorphism because
l−1
2∏
i=1
∣∣AχiL ∣∣= |AL ||A〈σ 〉L | =
l−1∏
i=1
∣∣AϕiL ∣∣. 
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The aim of this section is to study relations between the order of the minus part of p-class
group and the special values of the Artin L-functions at 0 for a dihedral extension over an imagi-
nary quadratic ﬁeld.
First, we prepare several notions to present the theorem proved by A. Wiles. Let F be a totally real
number ﬁeld and let K be a CM ﬁeld which is abelian over F . For χ ∈ Hom(Gal(K/F ),Q×p ), let Fχ be
the ﬁxed ﬁeld of Kerχ and Lχ the maximal unramiﬁed abelian p-extension of Fχ . Let
Hχ = {h ∈ Gal(Lχ/Fχ ) ⊗ Zp[Imχ ] ∣∣ ∀σ ∈ Gal(K/F ); σh = χ(σ )h}.
We deﬁne S as a ﬁnite set of primes of F including those which ramify in K/F . For σ ∈ Gal(K/F ), let
ζF ,S(σ , s) =∑(A,K/F )=σ 1(NA)s where A runs over all ideals prime to S . Moreover, let
LS
(
0,χ−1
)= ∑
σ∈Gal(Fχ /F )
ζF ,S(σ ,0)χ
−1(σ ).
We set Sχ,p = 0 iff χ is quadratic or does not factor through Gal(F cl(ζp)/F ). A. Wiles state the
following theorem.
Theorem 2.1. (See A. Wiles [2].) Assume p  |Gal(K/F )|. If χ is an odd character of order prime to p and
Sχ,p = 0, then
∣∣Hχ ∣∣∼ L(0,χ−1)[Zp [Imχ ]:Zp]∣∣μ(Fχ )χ ∣∣.
We collect some general properties of the Artin L-function. See Neukirch [1] for more details.
Theorem 2.2. (See J. Neukirch [1].) Let L/K be a Galois extension of ﬁnite algebraic number ﬁelds. Then, each
of following holds.
(1) If χ,χ ′ are two characters of Gal(L/K ), then
L
(
L/K ,χ + χ ′, s)= L(L/K ,χ, s)L(L/K ,χ ′, s).
(2) For a bigger Galois extension L′/K , L′ ⊃ L ⊃ K , and a character χ of Gal(L/K ) one has
L
(
L′/K ,χ, s
)= L(L/K ,χ, s).
(3) If M is an intermediate ﬁeld of L/K , and χ is a character of Gal(L/M), then
L(L/M,χ, s) = L(L/K , Indχ, s).
(4) Assume L/K be an abelian extension. Let f be the conductor of L/K , letχ = 1 be an irreducible character of
Gal(L/K ), and χ˜ the associated Größencharaktermod f. If the character χ : Gal(L/K ) → C× is injective,
then the Artin L-function for the character χ and the Hecke L-function for the Größencharakter χ˜ satisfy
the complete equality
L(L/K ,χ, s) = L(χ˜ , s).
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L+ be a dihedral extension over F+ and totally real. Let K+ be the ﬁxed ﬁeld of 〈σ 〉 in L+ . Let
F = F+(√−m ) and Giq = Gal(F/F+) = {1iq, J } where m ∈ F+ \ (F+)2 is positive. The characteristic
group of Giq is denoted by Hom(Giq,Q×p ) = {1 J ,ψ J }. Moreover, let L = L+(
√−m ), K = K+(√−m )
and G = Gal(L/F+)  Giq × D2l . We use the same notions for the characters of D2l in Section 1.
For (x, y) ∈ Giq × D2l , let ε+(x, y) = 1iq(x)ε(y) and ε−(x, y) = ψ J (x)ε(y). We deﬁne η± , χ±i ,
Hom(Giq ×〈σ 〉,Q×p ) = {1±σ ,ϕ±1 , . . . , ϕ±l−1} and Hom(Giq ×〈τ 〉,Q×p ) = {1±τ ,ψ±τ } similarly. Note that the
all irreducible characters of G are ε+ , ε− , η+ , η− , χ+i and χ
−
i (1 i 
l−1
2 ). The following proposi-
tion is a Giq × D2l case of Brauer’s Theorem on induced characters.
Proposition 2.3. Each of the following holds.
(1) ε± = Ind1±τ −
l−1
2∑
i=1
Indϕ±i , η
± = Indψ±τ −
l−1
2∑
i=1
Indϕ±i .
(2) χ±k = Indϕ±i
(
1 k l − 1
2
)
.
Proof. The proof of this is similar to that of Proposition 1.1. 
We call ε− , η− , and χ−i (1 i 
l−1
2 ) odd characters. We have the following direct decomposition
as an O[G]-module
AL =
(
Aε
+
L ⊕ Aε
−
L
)⊕ (Aη+L ⊕ Aη−L )⊕
( l−1
2⊕
i=1
A
χ+i
L ⊕
l−1
2⊕
i=1
A
χ−i
L
)
.
We calculate the values of the Artin L-function at 0 by using Theorem 2.1 and Theorem 2.2. We
set Sχ−k ,p
= 0 iff Sϕ−k ,p = 0. We also write O ⊗ μ(L) by μ(L).
Theorem 2.4. Each of the following holds.
(1) |Aε−L | ∼ L(L/F+, ε−,0)[O:Zp ]|μ(L)ε
−|.
(2) |Aη−L | ∼ L(L/F+, η−,0)[O:Zp ]|μ(L)η
−|.
(3) If Sχ−k ,p
= 0 holds, then
∣∣Aχ−kL ∣∣ 12 ∼ L(L/F+,χ−k ,0)[O:Zp]∣∣μ(L)χ−k ∣∣ 12
for all k ∈ {1,2, . . . , l−12 }.
Proof. (1) Let F˜ be the maximal unramiﬁed abelian p-extension of F and H = Gal( F˜/F ). Since
F ker(ψ J ) = F , we obtain
Hψ J ∼ L(0, (ψ J )−1)∣∣μ(F )ψ J ∣∣
by using Theorem 2.1. The class ﬁeld theory causes Hψ J  ClF {p}ψ J . We have
A
1 J
F ⊕ Aψ JF = AF  A
{1iq}×D2l
L = Aε
+
L ⊕ Aε
−
L
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1 J
F = A〈 J 〉F  AF+  A
Giq×D2l
L = Aε
+
L
as abelian groups. Thus, |Aε−L | = |Aψ JF |. We can prove |μ(L)ε
−| = |μ(F )ψ J | similarly. Moreover,
L
(
0, (ψ J )
−1)= L(ψ˜ J ,0) = L(F/F+,ψ J ,0)= L(L/F+, ε−,0)
since ε−(g) = ψ J (g|F ) for all g ∈ Gal(L/F+). Consequently, we obtain∣∣Aε−L ∣∣∼ L(L/F+, ε−,0)[O:Zp]∣∣μ(L)ε− ∣∣.
(2) The proof of this is similar to that of (1).
(3) Note that K+ = LGiq×〈σ 〉 , LKerϕ−k = L and (ϕ−k )−1 = ϕ−l−k . Let L˜ be the maximal unramiﬁed
abelian p-extension of L and H = Gal(˜L/L). We obtain∣∣Hϕ−l−k ∣∣∼ L(0,ϕ−k )[O:Zp]∣∣μ(L)ϕ−l−k ∣∣
by applying L/K+ to Theorem 2.1. It follows
∣∣Hϕ−l−k ∣∣= ∣∣Aϕ−l−kL ∣∣= ∣∣Aϕ−kL ∣∣= ∣∣Aχ−kL ∣∣ 12
from the similar proof of Proposition 1.3(3) and Theorem 1.6(3). We can prove |μ(L)ϕ−l−k | = |μ(L)χ−k | 12
similarly. By Theorem 2.2,
L
(
0,ϕ−k
)= L(ϕ˜−k ,0)
= L(L/K+,ϕ−k ,0)
= L(L/F+, Indϕ−k ,0)
= L(L/F+,χ−k ,0).
Therefore, we deduce |Aχ
−
k
L |
1
2 ∼ L(L/F+,χ−k ,0)[O:Zp ]|μ(L)χ
−
k | 12 . 
Remark 2.5. Consider the situation that F+ = Q. If ζm ∈ L, then L ⊃ Q(ζm). Since Q(ζm)/Q is an
abelian extension, [Q(ζm) : Q] divides 4. Thus, m coincides either 1, 2, 3, 4, 5, 6, 8, 10, or 12. If
p = 3,5, then ordp |μ(L)| = 0, otherwise ordp |μ(L)| 1. Thus, if p = 3,5 and Sχ−,p = 0, then
∣∣Aχ−L ∣∣ 1degχ− ∼ L(L/Q,χ−,0)[O:Zp].
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